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Setup

Stochastic Partial Differential Equation

dX; = [AX; + F(X:)] dt + B(X;) dW,
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Prerequisites
°

Setup

Stochastic Partial Differential Equation

® H, U Hilbert spaces

A: D(A) C H — H generates an analytic semigroup with
negative growth bound, equivalently sup{Re \: A € 0(A)} <0
F € Lip*(H, H)

B € Lip*(H,HS(U, H))

(Wt)iepo, 1) is an Idy-cylindrical Wiener process

Xo=x€H
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Setup

Stochastic Partial Differential Equation

Mild Solution

t t
X = e X + / elt=9AF(X,) ds + / e(t=9AB(X,) AW,
0 0

existence and uniqueness are guaranteed under the above assumptions

Neerven, Veraar, and Weis, “Stochastic evolution equations in UMD Banach spaces”.
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Mild Stochastic Calculus

Mild 1t6 Process

t t
Xt = St e Xty + Ss.tYsds + SstZs dWs
to

to

where S: {(s,t) € [0, T]?: s < t} — L(H) satisfies S, +Ss.r = Ss.t

)

Da Prato, Jentzen, and Réckner, “A mild It formula for SPDEs”.
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Mild Stochastic Calculus

Mild 1t6 Process

t t
Xt = St e Xty + Ss.tYsds + SstZs dWs
to

to

where S: {(s,t) € [0, T]?: s < t} — L(H) satisfies S, +Ss.r = Ss.t
Mild [t6 Formula

t t
W(Xt) = W(Sto,txtg) + / @/(Ss,txs)ss,t Ysds + @I(Ss,txs)ss,tzs dWs
to to
1t
+3 / S (2.6 Xs)(See Zsti, S Zst) s
o ey

where p: H — V and U is an ONB of U

Da Prato, Jentzen, and Réckner, “A mild It formula for SPDEs”.
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Exponential Milstein Scheme

equidistant time-discretization with step size h and
|t]n =max{k -h<t, keZ}:

(n+1)h 'S
Zns1yh = €™ | Zon + hF(Zyp) +/ B(Znh) + B'(Zan) (/
nh nh

B(Zn) dWL,> dWs]

Jentzen and Réckner, “A Milstein Scheme for SPDEs”.

F. Kastner (Universitat zu Liibeck) Weak Convergence of a Milstein Scheme 4/ 12



Prerequisites
°

Exponential Milstein Scheme

equidistant time-discretization with step size h and
|t]n =max{k -h<t, keZ}:

rS

"(n+1)h
Zins1yh = €™ | Zon + hF(Zyp) +/ B(Znh) + B'(Zan) (/
nh nh

B(Z,,,,)dWL,> dWs]
t

Z, = efAzo+/ et-lslnAF(Z ) ds
0

. S
+/0 e(t,\_sj,,)A |:B(Z\_th) + B/(Z\_SJ,,) </|_J B(Zl_th) dWL,)} dWs
S|h

Jentzen and Réckner, “A Milstein Scheme for SPDEs".
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Exponential Milstein Scheme

equidistant time-discretization with step size h and
|t]n =max{k -h<t, keZ}:

rS

"(n+1)h
Zns1yh = €™ | Zon + hF(Zyp) +/ B(Znh) + B'(Zan) (/
nh nh

B(Zn) dWL,> dWs]

t
Z,=e"Zy+ / et es=lslAF(Z ) ) ds
0 | ———

mild drift
t S
+/0 e(t—s)A e(S*LSJh)A |:B(Z|_5Jh) & B/(Zl_th) (/szh B(Z\_sjh) qu>:| dWs

mild diffusion

Thus, Z; is a mild [t6 process!

Jentzen and Réckner, “A Milstein Scheme for SPDEs”.
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Regularity Properties for KBE
Kolmogorov Backward Equation

¢ € Lip*(H, V)
w0, TIx H—V, (t,x)— EJ[p(X5_,)]

2
%u(t,x) = _ngu(t’x) (Ax + F(x)) — % UGZU %u(t,x) (B(x)u, B(x)u)

u(T,x) = ¢(x)
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Regularity Properties for KBE
Kolmogorov Backward Equation

¢ € Lip*(H, V)
w0, TIx H—V, (t,x)— EJ[p(X5_,)]

2
%u(t,x) = —agxu(t,x) (Ax + F(x)) — % UGZU %u(t,x) (B(x)u, B(x)u)
u(T,x) = ¢(x)

k

I et Xy < € V(t,x) €0, T) x H, k €{0,...., 4}

Andersson et al., “Regularity Properties for Solutions of Infinite Dimensional
Kolmogorov Equations in Hilbert Spaces”.
F. Kastner (Universitat zu Liibeck) Weak Convergence of a Milstein Scheme 5/ 12
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Main Result

Theorem (Weak convergence of the exponential Milstein scheme)

Let p € Lip*(H, V) and p € [0,1). Then it holds that

|E[e(Z:) — o(Xe)lllv < C-h°.

where C depends on everything but h.

F. Kastner (Universitat zu Liibeck) Weak Convergence of a Milstein Scheme 6/ 12



Weak Convergence
®000

Proof Sketch

Remember:

Z, = efAzo+/ ~lelnAF(Z, Jh)ds+/ elt=lslNAB_ aw,

where B, = B(Z(,,) + B'(Zyey,) (), B(ZLe,) AW,)
Step 1: Introduce appropriate process Z; and use triangle inequality

Z, = e"Zy + / eAF(Z,),) ds + / e(I=AB, AW,
0 0

Z; is a strong solution of dZ, = {AZ + F(th)} dt + B, dW,

Jentzen and Kurniawan, “Weak Convergence Rates for Euler-Type Approximations of
Semilinear Stochastic Evolution Equations with Nonlinear Diffusion Coefficients”.
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Proof Sketch
Step 2: Use the standard Ité formula for Z;
E[p(Zr) — ¢(X7)| = E[u(T, Z7) - u(0, Z)|

A T _ T _ _
“:"EVO uro(t, Zt) dt+/0 wa(t, Z:) (AZc+ F(Z,)) dt]

1 T - ~ -
+E EZ/O wo2(t, Z) (Beu, Beu) dt

uel

where By = B(Zjy),) + B'(Zey,) (Jfe), B(Z(s),) W)

Jentzen and Kurniawan, “Weak Convergence Rates for Euler-Type Approximations of
Semilinear Stochastic Evolution Equations with Nonlinear Diffusion Coefficients”.
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Proof Sketch
Step 3: Use the KBE for X;
E[¢(Z7) - o(X7)] = E[u(T, Z7) - u(0, Z)]

E g [ JA " (t.22) (F(Zy) - woa(r. Z0) (F(20) dt]

Z/ up o(t (Btu Btu)

uelU

+E|=

— uoa(t, Z:) (B(Z:)u, B(Z:)u) dt]

Jentzen and Kurniawan, “Weak Convergence Rates for Euler-Type Approximations of
Semilinear Stochastic Evolution Equations with Nonlinear Diffusion Coefficients”.
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Proof Sketch

Step 4: Use the mild 1t6 formula and the fundamental theorem of
calculus to estimate all the terms.

F. Kastner (Universitit zu Liibeck) Weak Convergence of a Milstein Scheme
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Conclusions

® same order as in the finite-dimensional case

® same order of convergence as exponential Euler scheme
—MLMC

Open questions:
® Do simulations agree with the theory?

® nonlinearities with values in interpolation spaces H,

different schemes, e.g. derivative-free Runge—Kutta schemes

SPDEs in Banach spaces

F. Kastner (Universitat zu Liibeck) Weak Convergence of a Milstein Scheme 11/ 12
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[ 1}

In Interpolation Spaces

A: D(A) C H — H generates an analytic semigroup with
negative growth bound, equivalently sup{ReA: A € 6(A)} <0

H, = D((—AY)

F € Lip*(H,H_,), a €[0,1)

B € Lip*(H,HS(U, H_g)), B € [0,3)

® (Wh)icpo, 1) is a ldy-cylindrical Wiener process
Xo=x€H

F. Kastner (Universitat zu Liibeck) Weak Convergence of a Milstein Scheme
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In Interpolation Spaces

Let 5; € [0,3) and 32K, 6; < 1, then we have

K ‘s
||Wu(taX)HL(H,(;IX...xH,(;k,V) <C-(T- t)_z":1 '

for all (t,x) € [0, T) x H.

Andersson et al., “Regularity Properties for Solutions of Infinite Dimensional
Kolmogorov Equations in Hilbert Spaces”.
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