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Prerequisites Weak Convergence Conclusions References

Setup

Stochastic Partial Differential Equation

dXt = [AXt + F (Xt)] dt + B(Xt) dWt

Mild Solution

Xt = etAX0 +
∫ t

0
e(t−s)AF (Xs) ds +

∫ t

0
e(t−s)AB(Xs) dWs

existence and uniqueness are guaranteed under the above assumptions
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• H, U Hilbert spaces
• A : D(A) ⊆ H → H generates an analytic semigroup with

negative growth bound, equivalently sup{Reλ : λ ∈ σ(A)} < 0
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Mild Stochastic Calculus

Mild Itô Process

Xt = St0,tXt0 +
∫ t

t0
Ss,tYs ds +

∫ t

t0
Ss,tZs dWs

where S : {(s, t) ∈ [0,T ]2 : s < t} → L(H) satisfies Sr ,tSs,r = Ss,t

Mild Itô Formula

ϕ(Xt) = ϕ(St0,tXt0) +
∫ t

t0
ϕ′(Ss,tXs)Ss,tYs ds +

∫ t

t0
ϕ′(Ss,tXs)Ss,tZs dWs

+ 1
2

∫ t

t0

∑
u∈U

ϕ′′(Ss,tXs)(Ss,tZsu, Ss,tZsu) ds

where ϕ : H → V and U is an ONB of U

Da Prato, Jentzen, and Röckner, “A mild Itô formula for SPDEs”.
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Exponential Milstein Scheme

equidistant time-discretization with step size h and
btch = max{k · h ≤ t, k ∈ Z}:

Z(n+1)h = ehA
[
Znh + hF (Znh) +

∫ (n+1)h

nh
B(Znh) + B′(Znh)

(∫ s

nh
B(Znh) dWu

)
dWs

]

Thus, Zt is a mild Itô process!

Jentzen and Röckner, “A Milstein Scheme for SPDEs”.
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0
e(t−s)A e(s−bsch)AF (Zbsch )︸ ︷︷ ︸

mild drift

ds

+
∫ t

0
e(t−s)A e(s−bsch)A

[
B(Zbsch ) + B′(Zbsch )

(∫ s

bsch
B(Zbsch ) dWu

)]
︸ ︷︷ ︸

mild diffusion

dWs
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Regularity Properties for KBE

Kolmogorov Backward Equation

ϕ ∈ Lip4(H,V )
u : [0,T ]× H → V , (t, x) 7→ E

[
ϕ(X x

T−t)
]

∂

∂t u(t, x) = − ∂

∂x u(t, x) (Ax + F (x))− 1
2
∑
u∈U

∂2

∂x2 u(t, x) (B(x)u,B(x)u)

u(T , x) = ϕ(x)

‖ ∂
k

∂xk u(t, x)‖Lk(H,V ) ≤ C ∀(t, x) ∈ [0,T )× H, k ∈ {0, . . . , 4}
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Main Result

Theorem (Weak convergence of the exponential Milstein scheme)
Let ϕ ∈ Lip4(H,V ) and ρ ∈ [0, 1). Then it holds that

‖E [ϕ(Zt)− ϕ(Xt)]‖V ≤ C · hρ .

where C depends on everything but h.
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Proof Sketch

Remember:

Zt = etAZ0 +
∫ t

0
e(t−bsch)AF (Zbsch ) ds +

∫ t

0
e(t−bsch)AB̃s dWs

where B̃t = B(Zbtch ) + B′(Zbtch )
(∫ t
btch B(Zbtch ) dWu

)
Step 1: Introduce appropriate process Z̄t and use triangle inequality

Z̄t = etAZ0 +
∫ t

0
e(t−s)AF (Zbsch ) ds +

∫ t

0
e(t−s)AB̃s dWs

Z̄t is a strong solution of dZ̄t =
[
AZ̄t + F (Zbtch )

]
dt + B̃t dWt

Jentzen and Kurniawan, “Weak Convergence Rates for Euler-Type Approximations of
Semilinear Stochastic Evolution Equations with Nonlinear Diffusion Coefficients”.
F. Kastner (Universität zu Lübeck) Weak Convergence of a Milstein Scheme 7/ 12
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Proof Sketch

Step 2: Use the standard Itô formula for Z̄t

E
[
ϕ(Z̄T )− ϕ(XT )

]
= E

[
u(T , Z̄T )− u(0, Z̄0)

]
Itô= E

[∫ T

0
u1,0(t, Z̄t) dt +

∫ T

0
u0,1(t, Z̄t)

(
AZ̄t + F (Zbtch )

)
dt
]

+ E

1
2
∑
u∈U

∫ T

0
u0,2(t, Z̄t)

(
B̃tu, B̃tu

)
dt


where B̃t = B(Zbtch ) + B′(Zbtch )

(∫ t
btch B(Zbtch ) dWu

)
Jentzen and Kurniawan, “Weak Convergence Rates for Euler-Type Approximations of

Semilinear Stochastic Evolution Equations with Nonlinear Diffusion Coefficients”.
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Proof Sketch

Step 3: Use the KBE for Xt

E
[
ϕ(Z̄T )− ϕ(XT )

]
= E

[
u(T , Z̄T )− u(0, Z̄0)

]
KBE= E

[∫ T

0
u0,1(t, Z̄t)

(
F (Zbtc)

)
− u0,1(t, Z̄t)

(
F (Z̄t)

)
dt
]

+ E
[
1
2
∑
u∈U

∫ T

0
u0,2(t, Z̄t)

(
B̃tu, B̃tu

)

− u0,2(t, Z̄t)
(
B(Z̄t)u,B(Z̄t)u

)
dt
]

Jentzen and Kurniawan, “Weak Convergence Rates for Euler-Type Approximations of
Semilinear Stochastic Evolution Equations with Nonlinear Diffusion Coefficients”.
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Proof Sketch

Step 4: Use the mild Itô formula and the fundamental theorem of
calculus to estimate all the terms.
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Conclusions

• same order as in the finite-dimensional case
• same order of convergence as exponential Euler scheme

→MLMC

Open questions:
• Do simulations agree with the theory?
• nonlinearities with values in interpolation spaces Hr
• different schemes, e.g. derivative-free Runge–Kutta schemes
• SPDEs in Banach spaces

F. Kastner (Universität zu Lübeck) Weak Convergence of a Milstein Scheme 11/ 12
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Appendix

In Interpolation Spaces

dXt = [AXt + F (Xt)] dt + B(Xt) dWt

• A : D(A) ⊆ H → H generates an analytic semigroup with
negative growth bound, equivalently sup{Reλ : λ ∈ σ(A)} < 0
• Hr = D((−A)r )
• F ∈ Lip4(H,H−α), α ∈ [0, 1)
• B ∈ Lip4(H,HS(U,H−β)), β ∈ [0, 12)
• (Wt)t∈[0,T ] is a IdU -cylindrical Wiener process
• X0 = x ∈ H
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Appendix

In Interpolation Spaces

Let δi ∈ [0, 12) and ∑k
i=1 δi <

1
2 , then we have

‖ ∂
k

∂xk u(t, x)‖L(H−δ1×...×H−δk ,V ) ≤ C · (T − t)−
∑k

i=1 δi

for all (t, x) ∈ [0,T )× H.

Andersson et al., “Regularity Properties for Solutions of Infinite Dimensional
Kolmogorov Equations in Hilbert Spaces”.
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